Complete spectra of the staggered Dirac operator 6 D are determined in four-dimensional SU(2) gauge elds with and without dynamical fermions. An attempt is made to relate the performance of multigrid and conjugate gradient algorithms for propagators with the distribution of the eigenvalues of 6 D.
INTRODUCTION
Big e orts have been undertaken to nd ecient multigrid (MG) methods for the computation of propagators in background gauge elds; see the lists of references in 1,2], and also 3]. Although ultimately one wants to simulate theories with dynamical fermions, all previous works focussed only on quenched gauge elds. However, it is reasonable to expect that MG methods have a chance to perform better when one considers \real" gauge elds which are generated in the presence of dynamical fermions. On the other hand one will not expect any big difference for the behavior of the conjugate gradient (CG) algorithm. The reasons for these two statements are as follows. The inclusion of the fermionic determinant in the Monte Carlo process will tend to decrease the number of (approximate) zero modes. This is so because con gurations with less low-lying modes are more probable. MG methods intend to take care of the low-lying modes (which are responsible for critical slowing down) on coarser grids, and the task of dealing with a reduced number of low-lying modes should be easier. Concerning the CG algorithm, its (asymptotic) convergence properties are determined by the condition number. Since condition numbers of the (negative squared) massless staggered Dirac operator are not in uenced dramatically by the presence of dynamical quarks, one does not expect a signi cant consequence for to appear in the proceedings of LATTICE'94 y Work supported by Deutsche Forschungsgemeinschaft. the convergence behavior of CG. In the present study we focus on the consequences of dynamical fermions for the performance of a variational MG algorithm which proved to work in the quenched case, but which was unable there to outperform CG 4].
MULTIGRID METHOD
The variational MG method for the solution of (1) is described in detail in Refs. 1, 4] . We use a blocking procedure which is consistent with the symmetries of free staggered fermions. In this scheme coarsening is done with a factor of 3 5] . Since the volumes of subsequent layers of the MG di er by a factor of 81, the actual implementaion of the MG method was only a twogrid algorithm. The kernel of the averaging operator is de ned as the solution of a gauge covariant eigenvalue equation. In Ref. 5] our choice was given the name \Laplace choice", because we project on a block-local approximation of the \fermionic twolink Laplacian" . This is de ned through 
Lanczos procedure
The Lanczos method has been used in lattice eld theory for a long time, see e. g . 7] . In the present exploratory study the complete spectrum , CG yields sequences of RMS norms of residuals which practically coincide, even if the spectra are di erent. As mentioned above, on the overall range of the spectra there is little di erence between quenched simulations and simulations with dynamical fermions (of mass m = 0:2; 0:05). Therefore slight uctuations in the distrubution of eigenvalues on small scales do not a ect the convergence of CG. Thus if one wants to study the convergence of the CG algorithm one can do that with \cheap" quenched gauge elds, one does not have to take \expensive" unquenched con gurations.
Results for the two-grid algorithm are as follows. An obvious statement is that convergence of the MG algorithm is not determined by . This is clear in the limiting case of free elds, because in pure gauges critical slowing down is completely eliminated by MG, i.e. convergence is completely independent of . In nontrivial gauge elds con- 1 This should be the case for expectation values of gauge invariant quantities when 1l is an element of the gauge group. I wish to thank R. Sommer for this remark. 
